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' where fields gain their masses due to the Spontaneous Symmetry Breaking (SSB), that is 

the case providing a remarkable exception from the Appelquist-Carazzone theorem in the 
^ ' matter fields sector. In the vacuum sector, already at the classical level, the theory with SSB 

' includes, in the general case an infinite number of the non-local terms in the induced vacuum 

action. Despite this surprising property, we show that the theory is renormalizable and 
moreover the low-energy decoupling in the higher-derivative gravitational sector performs 
similar to the AC theorem. 
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1. Introduction 

The renormalization group and decoupling of quantized massive fields in curved 
space are important (but maybe not always noticed) aspects of many modern theories of 
quantum gravity. For example, the effective low-energy quantum gravity Q Q is based 
on the assumption that the decoupling really takes place. This enables one to separate 
the quantum effects of the heavy fields from the ones of the light fields and in particular 
of gravitons. The decoupling is in the heart of the cosmological applications |^ of 
the semiclassical approach to gravity (see, e.g. 0, §), where the metric is considered as a 
classical external background for the quantized matter fields. In a more general framework, 
the low-energy spectrum of the (super)string theory includes large amount of massive 
degrees of freedom and the consistency of the low-energy predictions of string theory implies 
that the virtual loops of these excitations do not affect the gravity dynamics for the sole 
reason they have a large mass and decouple. The standard Appelquist-Carazzone - like Q 
form of decoupling of the quantized massive fields in curved background has been always 
anticipated ^, however the practical calculations of the decoupling have been started 
only recently by the authors in In these papers we have performed the calculations of 
the 1-loop Feynman diagrams for the graviton propagator on the flat background using a 
physical mass-dependent renormalization scheme, and also equivalent covariant calculations 
in the second order in the curvature tensor. In the higher derivative vacuum sector we met 
an expected form of decoupling, similar to the one of the Appelquist-Carazzone theorem 
in a matter sector. Unfortunately, for the cosmological A and inverse Newton 1/G 
constants one does not see the decoupling and even the /3-functions themselves. The most 
probable reason is the restricted power of the available calculational methods, which are 
essentially based on the perturbative expansion on the flat background or on the equivalent 
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covariant procedure. Indeed, we have to assume that the /3-functions for A and 1/G exist, 
for otherwise we would meet a disagreement between the mass-dependent renormahzation 
scheme and the completely covariant minimal subtraction MS scheme where these two 
/3-functions can be easily obtained [Q]. It is worth noticing that the simplest assumption 
concerning the form of decoupling for the cosmological constant leads to the potentially 
testable running of the cosmological constant in the late Universe |10] and therefore this 
problem deserves a special attention. 

All the results of concern the decoupling of the massive fields in curved space-time. 
But there is an interesting aspect of the decoupling which has to be considered separately. 
In many cases the fields which are massless in the initial classical Lagrangian become 
massive due to the SSB mechanism and we need to know whether the decoupling takes 
place, also, for these fields. The special interest to this problem is due to the well-known fact 
that in the matter field sector the theories with the SSB violate the Appelquist-Carazzone 
theorem (see, e.g. ||lT|] ). One can, naturally, wonder whether something like that happens 
or not in the case of gravity. Perhaps, it is worth remembering that all massive particles in 
the Standard Model gain their masses due to the SSB. One can guess that this is also the 
case for the Grand Unification Theories at higher energies. Furthermore, the possibility 
of the supersymmetry breaking due to the SSB can not be completely ruled out and 
therefore the understanding of decoupling in an external gravitational field in the theories 
with SSB looks rather general problem. 

The purpose of the present article is to clarify the issue of decoupling in the SSB 
theories. The paper is organized as follows. The section 2 is devoted to the description 
of the SSB at the tree level in the case of the non-minimal coupling of the scalar (Higgs) 
field with gravity. We find out that the low-energy induced gravitational action includes, 
along with the Einstein-Hilbert term, an infinite set of the non-local terms. In section 3 
the general discussion of the one-loop corrections to the induced gravitational action in 
the theory with SSB and for the case of the minimal interaction is given. In particular, 
the gauge-fixing invariance of the quantum corrections in the theory with SSB is proved 
explicitly. In sections 4 and 5 we generalize these considerations to the general situation 
with the non-minimal interaction. In section 4 the logarithmic divergences are calculated 
and the general scheme of renormalization of the vacuum sector in the theory with SSB 
is outlined. In particular, we show that the non-local terms must be included into the 
vacuum action and that these terms must be renormalized at quantum level. In section 
5 the physical mass-dependent scheme of renormalization is applied to the SSB theory 
with the general non-minimal coupling between scalar and gravity. An explicit form of the 
/3-functions in the vacuum sector are derived and the low energy decoupling (analog of the 
Appelquist and Carazzone theorem) is established for the parameters corresponding to all 
higher derivative terms. Finally, we summarize the results in section 6. 

2. SSB and the non-local vacuum action 

In this paper we shall deal with the following classical action of charged scalar (p coupled 
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to the Abelian gauge vector A^: 

+ ^llip*^-\{^*^f + ^R^*^}. (2.1) 

The generahzation for the non-Abehan theory would be straightforward, but there is no 
reason to consider it because we are interested in the one-loop vacuum effects and the 
results are indeed the same for both Abelian and non-Abelian cases. 

Our first purpose is to investigate the SSB at the classical level. The VEV for the 
scalar field is defined as a solution of the equation 

~Uv + nlv + (,Rv - 2Xv^ = 0. (2.2) 

If the interaction between scalar and metric is minimal ^ = 0, the SSB is standard and 
simple, because the vacuum solution of the last equation is constant 

»S = f|. (2.3) 

In the last expression we have introduced a special notation vq for the case of a minimal 
interaction, in order to distinguish it from the solution v of the general equation (p.2|). 
Starting from (|2.3| ), the conventional scheme of the SSB and the Higgs mechanism does not 
require serious modifications because of the presence of an external metric field. However, 
the consistency of the quantum field theory in curved space requires the non-minimal 
interaction such that ^ 7^ (see, e.g. Q for the introduction). For the general case 
of the non-constant scalar curvature one meets, instead of Eq. (|2.3| ), another solution 
v{x) 7^ const. Hence, we can not ignore the derivatives of v and, unfortunately, the 
solution for the VEV can not be obtained in a closed and simple form. 

Our main interest in this paper will be the decoupling of massive fields at low energies, 
when the values of scalar curvature are small. Therefore, we can try to consider ( |2.3D as the 
zero-order approximation and find the solution of the Eq. (|2.2| ) in the form of the power 
series in curvature 

v{x) = Vq + vi{x) + V2ix) + .... (2.4) 
For the first order term vi{x) we have the following equation 

-Ovi + n^vi + ^Rvo - eXv^vi = 0, (2.5) 
and the solution has the form 

v\ = ^r— nR = — nR^ (2.6) 

where we used ( |2.3D . In a similar way, we find 

i'">.,R ' .,R- ""^'"{j ' .,r)\ (2,7) 
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where the operator in each parenthesis acts only on the curvature inside this parenthesis. 
Contrary to that, the left operator [□ + 4Ai'g]~^ in the first term at the r.h.s. of the last 
equation acts on all expression to the right of it. In general, here and below the parenthesis 
restrict the action of the differential or inverse differential (like [□ + 4At;Q]~^) operators. 

Of course, one can continue the expansion of v to any desirable order. If we replace 
the SSB solution v{x) back into the scalar section of the action ( |2.1| ) we obtain the following 
result for the induced low-energy action of vacuum: 

Sind = J <fx^ { g'^^ d^v d,v + (/ig + ^i?) _ A } . (2.8) 

It is remarkable that, instead of the conventional cosmological constant and Einstein- 
Hilbert term, here we meet an infinite series of non-local expressions due to non-locality of 
( |2.4| ). Making an expansion in curvature tensor, in the second order we obtain 

Sind = j d!^x^/^ I - viUvi + ^? {vl + 2vqVi + 2vqV2 + vl) 
-X{v^ + Av^vi + 4vlv2 + Gv^^) + [v^ + 2voVi) } + 0{R^) . (2.9) 



Now, using the equation ( |2.5| ), after a small algebra we arrive at the following action of 
induced gravity 

Sind = J d^x^ { Xvl + iRvl + evlR ^^^y^^2 R + ■■]■ (2-10) 

The first term here is the induced cosmological constant, which is supposed to almost cancel 
with its vacuum counterpart (see, e.g. the discussion in |5|). The second term is a usual 
induced Einstein-Hilbert action, which also has to be summed up with the corresponding 
vacuum term. Formally, both observables: the cosmological and the Einstein-Hilbert terms, 
are given by the sums of the vacuum and induced contributions. However, there is a great 
difference between the two terms from physical point of view. The observable cosmological 
constant is extremely small compared to the magnitude of the Xvq , e.g. in the Standard 
Model of particle physics. Hence there is an extremely precise cancelation between the 



vacuum and induced cosmological constants (see, e.g. for the introduction to the 

cosmological constant problem and also js) for the discussion of the possible quantum 
effects). At the same time, the situation for the Einstein-Hilbert term is quite different. The 
overall coefficient here is nothing but the inverse Newton constant l/lGvrG = M|,/167r, 
where Mp 10^^ GeV is a Planck mass. Of course, the magnitude of this quantity is 
huge compared to the induced term. The exception is indeed possible if we assume a 
SSB phenomenon at the Planck scale, but at the lower energies one can not distinguish 
the difference between this "induced" gravitational action and the "original" vacuum one. 
Therefore, at low energies the local induced Einstein-Hilbert term is irrelevant compared 
to the classical (vacuum) gravitational action ^. 



^The remarkable exception is the possibility to have totally induced Einstein-Hilbert term (see, e.g. 
and references therein). Recently, the model of induced gravity found interesting applications in the black 
hole physics 
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Besides the usual local terms, the induced tree-level gravitational action includes an 
infinite set of the non-local terms. These terms are somehow similar to the nonlocalities 



which have been recently discussed in |16| in relation to the higher derivative theories and 
the cosmological constant problem. The appearance of the non-local terms in the induced 
action ( p.lOD is remarkable, also, for other reasons. Although the coefficients of these 
terms are very small compared to the vacuum Einstein-Hilbert term, the non-localities do 
not mix with the local terms and, in principle, can lead to some physical effects. If we 
consider the low energy SSB phenomena in the framework of the SM, the non-local terms 
are irrelevant at low energies due to the large value of the mass. But, if we assume that 
there is an extremely light scalar (e.g. quintessence), whose mass is of the order of the 
Hubble parameter and which has a potential admitting a SSB, then the non-localities may 
become relevant and in particular lead to observable consequences. In the next sections 
we will not discuss these issues and will instead concentrate on the quantum one-loop 
corrections to the induced action ( 2.1C| ). 



3. The minimal interaction case and gauge fixing independence 

In the previous section, we considered the SSB in curved space-time at the classical level. 
The next problem is to derive the quantum corrections to the vacuum action from the 
theory ( |2.1| ) with the SSB. Let us notice that the relevant form of the contributions of the 
massive scalar, fermion and vector fields to the effective action of vacuum were already 
calculated in Q. These calculations enable one to see the decoupling of massive fields 
at low energies through the application of the physical mass-dependent renormalization 
scheme. The methods used in are based on the expansion of the metric over the flat 
background or an equivalent covariant expansion of the effective action in the power series 
in curvature. Here we shall generalize the same approach for the case when the masses 
emerge as a result of the SSB in curved space-time. 

Let us start from the simplest case of the minimal interaction between scalar field and 
metric ^ = 0. The effective action T[ip,gf^^] of the scalar field can be presented as the 
perturbative expansion 

T[ip,g^,] = Sci[ip,g^,u] + hf^^^[ip,g^,] + 0{h''). (3.1) 

In this paper we restrict the consideration by the one-loop order and therefore we shall 
consider only the T^^^(f, g^^^] term. Then the effective equation for the VEV of scalar field 
has the form 

fi + .^ = 0^ (3,2) 

OLf dip 

Since is given by the scalar sector of (|2.l|) , the equation (^) can be rewritten as 

-□(/? + - 2\{ip*Lp)ip + h^^^ = 0. (3.3) 

dip 
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Let us now present the scalar field as (p = v + hcj) , where v is the solution of the classical 
equation 5Sci/Sip = and h(p is a quantum correction. Then we find, in the first order 
in h, the following relation: 



_n<^ + _ QXv^^ + ^i^I^^lM = 0. (3.4) 

ov 

After performing the expansion in h, we find 

T[ip,g^^] = Sci[v + h<p, g^„] + hr^^^[v + <p, g^u] + ■■■ 

= S,i[v, g,,] + H^-^^^!^ + hf^^\v, g^A + 0(n^) . (3.5) 

Taking into account the equation of motion 5Sci{v,g)/5v = 0, we arrive at the useful 
formula 

T[v + g^,] = S,i[v, g^,] + hf^^^[v, g^,] + Oih'') . (3.6) 

The last relation holds even for the non-minimal scalar field, and we shall use it in what 
follows. The equation ( |3.6D shows that at the one-loop level one can derive the effective 
action as a functional of the classical VEV. In the minimally interacting theory this VEV is 
just a constant, but in the general non-minimal case the classical VEV itself is a complicated 
expression (2.4). 



Consider the SSB in the theory ( |2.1| ) with ^ = 0. For this end we define (p = v + h + ir] 
and replace it back to the action. As far as we are interested in the one-loop effects, we 
can keep the terms of the second order in the quantum fields /i, r] and disregard higher 
order terms. In this way we arrive at the expression for the quadratic in quantum fields 
part of the action 



5(2) 



j <fx^[{d,,hf + {d^rif - ^F^, + levA^V^^T] + e^^A^.A^' - AXv^h^}, (3.7) 



where we used notation {dh)'^ = g^'^d^hdyh . Let us introduce the 'tHooft gauge fixing 
condition, depending on an arbitrary parameter a 

Sgf = - ^ j d^x^ {V^A^^ -2aevr,f. (3.8) 

Summing up the two terms we arrive at the expression for the action with the gauge fixing 
term 

S^'^ +Sgf = I d'xV^{ - \fI, - ^ {d,An' + e\^A,A^ 

+ {d^hf + {d^r]f - AXv^h^ - 2ae\^7]^ } + ..., (3.9) 

where we kept only the terms of the second order in the quantum fields A^^, h, r]. 

The action of the Faddeev-Popov gauge ghosts can be obtained in a standard way as 

Sgh = J d^x^/^C {n + 2ae'^v^) C . (3.10) 
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After all, from the equations (p 



and ( |3.10| ) we find that the one-loop corrections to the 

h, rj , C and C 



vacuum effective action are given by the contributions of the fields A^, 



TV In 



1 



a/ 



(3.11) 



+ - Tr In ( □ + AXv^ ) + - Tr In ( □ + 2a e^v^ ) - i TV In (□ + 2 ae^v^) 

In the general case of an arbitrary a the first term of the last expression is related to 
the functional determinant of a non-minimal massive vector field. This kind of operator 
have been never elaborated in the literature^, moreover for the particular value a = 
the expression ( |3.1lD includes the contributions of several massless modes, jeopardizing the 
expected low-energy decoupling. For all other values of a all the degrees of freedom in 
( |3.11 ) are massive. Furthermore, in the particular case a = 1 the above expressions have 
only the well-known contributions of the minimal massive vector and scalars. Indeed, the 
/^-functions for both these cases were calculated in [p. Then we can just use the result 
of [p where we have demonstrated the universality of the decoupling of the massive fields 
at low energies. Therefore, the decoupling is guaranteed if we can prove the gauge-fixing 
independence of the effective action. 

Let us remind that there are general theorems concerning the on-shell gauge indepen- 
dence. These theorems should be directly applicable in our case because we are interested 
in the vacuum effects which are not related to the equations of motion for the matter fields. 
However, since the gauge fixing independence has special importance here, it is worth ver- 
ifying it explicitly, at least for the particular case ^ = 0. The methods for investigating 
the gauge fixing dependence have been developed in [17|, and in this section we shall apply 
the modified version of these methods for the case of minimal coupling. As far as the 
gauge-fixing independence is established, the derivation of the vacuum /3-functions in the 
theory with SSB can be easily performed using Eq. ( pID and the results of Q. The 
explicit calculation will be postponed for the next section, where we shall consider a more 
general theory with an arbitrary ^. 

Following 1 17], we shall evaluate the difference between the Euclidean one- loop correc- 
tion with an arbitrary value of the gauge parameter a and the same correction with the 
same parameter fixed a = 1. 

Let us start from the first term in Eq. ( 3.11| ) and take 

1 



!]• 



(3.12) 



jc-(a) = jr^(Q) : 
where we denoted m? = 2e^v^ . 

= Tr In 



1 



a 



(3.13) 



Consider the difference 
1 



^ Tr In T{a) + - Tr In jr(l) 



1 



R 



(3.14) 



^The reader can easily evaluate the contribution of this operator to the UV divergences using the 
consideration of the rest of this section. 



-7- 



Let us use the identity, derived in [17| for an arbitrary vector field Ap 



1 



a-R 



0. 



(3.15) 



Tlie calculation of gauge fixing dependence performed in [0] concerns the massless gauge 
field, and in our case we have a massive field. That is why we need to generalize the identity 
(3.15) for the massive case 



1 



1 



□ + m2 - R 



□ + 



A 



0. 



(3.16) 



This generalization can be performed by expanding the identity (3.16) into the series in 
m^. First we present the propagator for the massive case as a series 



1 



□ + m2 - i?.. 



2\n 



n=0 



(□ - i?..)"+l ' 



(3.17) 



The zero-order part of ( 3.1'il ) is the original identity (3.15). In the first order in rn^ we 
need to prove the identity 



1 



1 



{n-R„y 02 

This can be easily done by presenting it in the form 



A,. 



0. 



(3.18) 



1 



n-R 



□ 



^-iv")A„ = 0, (3.19) 



where we have used the fact that the vector A'^ = (□ — i? ) ^ also satisfies the identity 
( |3.15 ). The same operation can be applied at any order in m^, therefore we proved the 
identity (|3l^ . 

Using this identity, one can rewrite the difference ( |3.14| ) as 



Tr In 



1 V- 1 / 1 
- Tr > - 1 

2 ^ n V a 



n=l 



1 

a 



V 
V 



1 

1 



□ + 



V 



(3.20) 
(3.21) 



Using the relation Ti {A ■ B ■ C) = tr (C ■ A ■ B) and taking the trace over the indices 
and u, after a small algebra, (|3.21| ) can be transformed into the expression involving only 
the scalar operators (here and below we disregard the Tr In of constants which are not 
relevant, e.g. in the dimensional regularization) 



Tr 



In J^(a) - In J^(l) 



Tr In 



□ + am^ 
□ + 



(3.22) 



The gauge dependent part of the contribution of the Higgs scalar is zero because the 
Higgs mass Mjj does not depend on the parameter a. The gauge dependent part of the 
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contribution of the Goldstone scalar ( |3.11 ) is exactly the same as the vector counterpart 



( 13:221) 



lT, ln f ° + =-ilVInf° + °'fV (3.23) 

2 V n + 2e2t;2 J 2 V ^ + / 

Finally, the difference between the two ghost operators ( |3.8| ) contributes as 

, / □ + am? \ 



In total, three contributions ( 3.22|) , ( |3.23 ) and ( 3.24|) give zero, and therefore the one-loop 



part of the vacuum effective action in the theory with SSB is gauge fixing independent. As 
it was shown above, this also means that in the vacuum sector the quantum effects of the 
theory with the SSB satisfy the Appelquist and Carazzone theorem and manifest the 
decoupling at low energies. In this respect the gravitational vacuum quantum effects are 
very different from the quantum effects in the matter sector where the mentioned theorem 
may be violated for the masses of the SSB origin (see, e.g. lO]). 



4. MS-scheme renormalization in the non-minimal case 

Let us first derive the one-loop divergences in the theory with the SSB, using the back- 
ground field method and the Schwinger-DeWitt technique [^]. Starting from the action 
(|2.l| ), we are going to integrate over the matter fields (f, on the background of the 
classical metric g^u- In the spontaneously broken phase the scalar field ip takes the VEV 
V corresponding to the solution of the equation (|2.2D . Indeed, this solution ( |2.4| ) depends 
exclusively on the metric. Therefore, we perform the background shift of the scalar variable 
according to 

ip = V + h + ir] , (4.1) 

where h and rj are real scalar quantum fields (Higgs and Goldstone). Hence, we face a 
problem of deriving the divergences in the theory with quantum fields /i, r], while the 
background fields include metric and v, which, in turn, also depends on the metric. As we 
shall see in what follows, the renormalization of the theory looks rather standard in terms 



of g^y and v. However, it looks very unusual if we take the expression (|2.4 ) for v into 
account and express the effective action in the terms of metric. 

In order to derive the one-loop quantum correction one needs the part of the action 
which is bilinear in quantum fields. Elementary calculations give the following result for 
the sum of the action (|2.1|) and the gauge-fixing term (|3.8|) : 



5(2) +Sgf = J d^xV^{ \ A^UA>^ + i ( 1 _ 1 ) {V^A^^ f - A^ A^ 

+ ^ M\A^ + {d^hf + (9^r/)2 - Mlh^ - M^rf - 2aer/^^(a^^;)} , (4.2) 
where we introduced new notations 

M\ = 2e^v'^ , Ml = 6Au2 - ^l-^R^ = 2e^v^ + 2Xv^ -fil-^R. (4.3) 
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One can rewrite these quantities in a more useful way. First we introduce 



^/C = 2A {v^ - v^) = 2Xv^ - . 



(4.4) 



After replacing (^), (^) and (p.7|) into ([4.4|), in the lowest order in curvature we obtain 



□ + 4Xv^ 



R + 0{R^) . 



(4.5) 



If we are interested in the low-energy effect, then the derivatives of curvature are very small 
compared to Vq. Then we have to expand the Green function, in the expression above, as 
follows 



1 



□ + AXv?i 



4Xvi 



1 



□ 



AXvi 



+ ... + o{nR). 



In the low-energy approximation we arrive at the representation 

higher derivative terms 
^K, = t,R -\ o ■ 



(4.6) 



(4.7) 



Furthermore, the {n\v)/v term admits the following representation in terms of /C : 
(□.) _,lv + ^Rv-2Xv^^^^^ _ 



(4. 



V V 

In the new notations the elements of the expansion ( [4. 3D may be written in the form 

„2 



Mi 



m2 + ^e/c, 

A 



Mf^=mi- iR + 



m 



ml 



2e\l ■ 
AXvl ■ 



iR + 



X 



(4.9) 



where m and rrih are the masses of the fields after SSB. Indeed, their values are the same 
as in the minimal ^ = case. 

Coming back to the calculation of divergencies, since the one-loop effective action is 
gauge-fixing invariant, (see the discussion in the previous section) we can put a = 1 . Then, 
making a change of variables 



h 



h. 



^/2'"' V2^ 
we arrive at the following useful form of the bilinear part of the action (4.3): 



S^'^ + Sgf = I 
where the operators have the form 



d^xV^ [^hUhh + ^ (^'^ 7/) n 



V 



(4.10) 



□ + and 



n 



S-^U-R-^ + Mld-^ -t,/2e{d^v) 
-iV2e{V^v) a + M^ 



(4.11) 
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Both operators 7ih and Ti. have the standard structure !□ + 11 and the algorithm 
for the divergences is well known (notice that the masses are included into the operators 
n for all the fields) 



- TV in(in + n) 



1 



div 



2(47r)2(2 



d'^x \/—g tr 



{A 

I 180 



7?2 



2 12 ^ 6 / 

where u; is the parameter of dimensional regularization and 



(4.12) 



P = fl+lR 





and S^u = [V^ , V,,] , 



where the commutator of covariant derivatives is calculated in the corresponding vector 

d^x tr I — 
^ ^ I 18C 



space. Using the formula ( 4.12 ) we obtain 

1 

div 



Tr InTit 



2(47r)2(2-w) 



180 ^ '^^''"^ ~ "^^^ ^ 



+^(M2 + ii?)" + ±n(M2 + li?)} 



2 1 

6 



(4.13) 



for the contribution of the field h. In the second case the operators 1 and 11 have matrix 
form 



1 



1 



and 



n 



i\/2e(V'- 



\/2e(5^ 



(4.14) 



Performing calculations according to ( 4.12| ), we arrive at 



-Tr InH 



2(4vr)2(2-..) 



d x^J —g tr 



{36' 



R 



_j_ R^ o„2,'v7„,\2 , 0/ ^#2 ''^ ^ 



2e^(Vt;)^ + 2(M| + -i? 



1 



Ml + -R]R 



Finally, the bilinear form of the ghost action ( |3.10| ) can be written as 

Hgh = n + M^^ , where M^^ = + — ^/C . 

The ghost contribution to the divergencies have the form 

1 

div 



(4.15) 



(4.16) 



i Tr InW 



2(47r)2(2-a;) 



d X \/ —g tr 



I 90 



Rl, + aR) 



(4.17) 
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The total expression for the divergencies of the vacuum effective action in the theory with 
SSB is 



2(47r)2(2-w 



1 



d —g < — (3m + rri 



^--)im^ + ml)R 



2 m? f?,e^m? 



+ u 



1\2 



7_ 
90 



QJ V A 



+ 4 + 



2e2 
3A 



(4.18) 



where the last term can be integrated by parts and replaced by (neglecting the surface 
term) 



■2e^{Vv) 



2e^v'^ iCR - ilC) = m'iCR - ^IC) + ^ ^IC {^R - (JC) . (4.19) 



A 



Finally, disregarding the surface terms, we have 



1 



2(47r)2(2-w) 



mlR 



2 



45 



1\2 



6 



2A 



R-CIC^, (4.20) 



The expression above differs from what is usually expected from the divergencies of 
the quantum field theory in an external gravitational field. Along with the usual local 
terms, there are many terms which look local only when they are expressed in terms of 
V OT IC. After replacing the expressions ( p.4| ) and ( |4.4| ) into ( 4.20| ), it becomes clear that 
these terms are indeed non-local with respect to the background metric 5^;^. 

Since the appearance of a non-local divergences is quite a surprising result, let us 
explain it in more details. The .^/C-dependent terms may be rewritten, using (4.4), in 
terms of VEV v as follows (here mf is some dimensional parameter) 



2 2 



m^^/C = 2Xm\v^ 

RCIC = 2XRv'^ - R^l, 



(4.21) 



Thus, the following new structures emerge in the counterterms: 



2 2 
rriiV , 



Rv^ 



(4.22) 
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This can be compared to the expression for divergences for an ordinary real massive scalar 
field X with quartic interaction and nonminimal coupling 

,,n-4 r- c \^ \ A 1-1 

= j d"x^{-x' - -x^ml - -x'(e - -)r] + (vac. terms) , (4.23) 

where x is & background scalar field, independent on the metric. Of course, this is quite 
similar to ( 4.22| ). The only difference between the two cases is that the VEV v in ( [4.22 ) is 



not independent on metric but instead is given by the nonlocal expression (|2.4| ). We can 
see that the non-localities which appear at the classical level in (^^) emerge also in the 
one-loop (and of course in the higher loops) divergences. 

The positive feature is that all necessary counterterms (local and non-local) have the 



form of the induced gravitational action (2^) plus the standard local gravitational terms 



such as the cosmological constant, Einstein-Hilbert and higher derivative terms. The im- 
portant consequence is that the theory with SSB is renormalizable in curved space-time. 
However, in order to achieve renormalizability, the corresponding non-local terms must be 
included into the classical action of vacuum along with the usual local ones ^ 

Svaci = - j d'^xy/^ I ai Cl^^p + a2E + a^UR + a^R^ + a^R + (4-24) 

Using the expression for the divergences ( [4.20] ), one can establish the necessary set of the 
non-local terms 

S,ac,2 = - j <fx^ [qiiK + q2RilC + (73 (iicf } . (4.25) 

After these terms are included, we have the total classical action S^ac,! + S.uac,2 ■, which 
must be compared to the induced action of vacuum in the theory with SSB ( p^ . In the 
theory with the complete vacuum action S^ac,i + Svac,2 , the non-local counterterms can 
be removed by renormalizing the parameters qi, q2, qs- The observable values of these 
parameters are defined as sums of the induced ones plus the values of the renormalized 
vacuum parameters - the last depend on the choice of the renormalization condition. 

One may worry about the potential problems with the non-local terms in the classical 
action of vacuum (and also in the induced action of vacuum), such as unitarity of the 
S-matrix. Let us remember that what we obtained is a direct consequence of the SSB 
phenomena in curved space. The appearance of the non-localities looks inevitable in this 
framework. On the other hand, the non-localities which we are discussing here possess very 
special properties: 

• They emerge in the action of an external gravitational field, therefore they have 
nothing to do with the unitarity of the S-matrix of the quantum theory. The very concept of 
an external field implies that it satisfies proper equations of motion, with certain boundary 
and initial conditions. Therefore, there is no real locality in the vacuum sector anyway. 

The physical effect of the non-localities is extremely weak, at least in the finite 
order in the curvature expansion. The point is that the non-localities are related to the 
Green functions (□+4AfQ)~^ and therefore the effect of this non-localities may be observed 
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only at the distances comparable to {^/Xvq) ^. Since, according to the experimental data 
VXvq > 50 GeV in the case of the SM of particle physics, the non-local terms are irrelevant 
in the modern Universe. 

••• The conclusion of the previous point may be not completely safe. One can 
foresee the following two exceptions: i) The resummation of the curvature expansion 
series may produce the massless-type non-localities. As far as we do not have control 
over these series ^, we can not exclude this possibility, which may lead to very interesting 
cosmological consequences like the IR running of the CC due to the remnant quantum 
effects of the decoupled heavy particles ii) If we consider a very light scalar with the 

SSB (e.g. some version of a quintessence), then the non-localities may become potentially 
observable and in particular may lead to the slight modification of the Newton law. Such 
modifications may either put restriction on the corresponding model or become relevant 
for the Dark Matter problem. This possibility is an interesting problem which deserves 
special investigation. 

Using the expression for the divergences ( 4.20| ), we can derive the /?- functions for the 



parameters of the usual vacuum action ( 4.24 ) and for the parameters of the non-local action 



( 4.25 ) which are necessary in the theory with the SSB. Let us write down the MS-scheme 
/^-functions for those parameters of the vacuum action which do not correspond to the 
surface terms. In the expressions below we used the mass mh (because this mass appears 



in the non-localities at the classical level ( 2.10 )) and the relation m = (e /2A) • 



13. 



MS 



3 mi 



(47r)2 V 2A2 



+ 1 



fjMS 
Pg2 



(4vr) 



oMS 
Pq3 



(4vr) 



3e4 
2A2 



+ 5 



(4.28) 



Let us remark that the signs of the /3-functions /3f^^ , /32^'^ for the higher derivative terms 
in this paper are different from the ones of Q due to the opposite sign of the classical 
action. In the next section we shall derive the physical /^-functions in the mass-dependent 
(momentum subtraction) renormalization scheme and will use the above expressions ( 4.27| ) 
and ( [4.28| ) in order to check these /3-functions in the UV limit. 



5. Renormalization and decoupling in the SSB theory 

In order to observe the decoupling of the massive degrees of freedom at low energies in the 
theory with SSB, one has to apply the mass-dependent scheme of renormalization in curved 



These series are obtained by inserting expansion (2.4) into (2. J) plus the quantum corrections. 
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space-time. The most economic way of doing this is to perform the covariant calculation 
using the heat-kernel method. The existing results for the heat kernel enable one to perform 
practical calculations at the second order in curvature ^] . This method of calculation is 
completely equivalent to the derivation of the polarization operator of graviton (or vertices, 
in the higher orders in curvatures) due to the quantum effects of the matter fields j^] . 

The calculation of the effective action can be mainly performed using the results for the 
massive vector and massive scalar^. The one-loop contribution to the Euclidean effective 
action is given by the sum of three terms 

f« = -1 TrlnW;, - i TrlnW + TvlnUgh . (5.1) 

The operators 'Hgh and 7i correspond to the fields with the mass m, while the operator 
IhLh correspond to the field with the mass m^. Therefore we can use, for each of these the 
three operators, the standard Schwinger-DeWitt representation, e.g. 

"I 1 poo J„ 

-- TrlnW = -- / — e-'"^^ ti K{s) . (5.2) 
2 2 Jq s 

An explicit expression for the heat kernel K{s) of the operator !□ + 11 has been found 
in p^ , pC| ], and we can use this result directly for the three operators of interest. 

Since the practical calculations has been described in the second reference of we 
will not go into details here. Let us present the final expression for the C'(i?^)-terms in 
the effective action 




(4.14). 
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( + + _r 



V2A2 A 2) \2-w 



2-w 
1 



ml 



+ In 



+ 2^) 



+ 



9 / 1 



2e' {V^v 



2\2-w 
1 



+ In 



mr 



2-w 



where 



1 l + a/2 
= ^ a = 1 - - n ' 
^ ^ a l-a/2 



and 



4n 



□ - 4m2 



(5.3) 



(5.4) 



Of course, = A{ah) and a\ = a^{'mh). In the expression (5.3) we used the following 
notations for the formfactors: 



SAh 2 

+ 



15al A5al 



8A 8A 2 
A + —r - + 



5a^ 3a2 15a2 450 



777^ ' (5-5) 



"^108a2 2160 18 6 



(5.6) 



1 gv / \ ^ ^ 2 A A 

^^""^"loso'M + si^ + g^ + g^ 



(5.7) 



(this corresponds to a massive vector with an extra compensating scalar Q). 

The divergent part of the one-loop part of the effective action (^]^) is exactly the Eq. 
( 4.18D . Concerning the finite part, it is easy to see that the non- localities of the expression 
( |5.3| ) have two sources. First of all we meet the tree- level non-localities inside each ^/C, and 
moreover there are o-dependent and A-dependent non-localities which have the structure 
similar to the one for the usual massive fields [|l|. If considering the /3-functions, the first 
type of the non-localities does not matter, hence one can expect to meet the same result 
as in the MS-scheme in the high energy regime and the standard decoupling [|^ at low 
energies. 

It is not difficult to confirm the last statement by direct calculation. Using the form- 
factors of the expression (|5.3D we can derive the physical /3-functions. For this end one has 
to perform the subtraction at the Euclidean momentum square — □ — > = and then 
apply the receipt 

dC 



hm M- 

n^A dM 



(5.8) 



for the effective charge C . The coincidence with the Af 5-scheme /5-function in the UV 
provides an efficient verification of the calculations. 
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For the usual parameters of the vacuum action, corresponding to the local terms, we 
obtain the following results: 



1) The physical /3-functions for the classical cosmological constant og, inverse Newton 
constant 05 and for the coefficient qi of the non-local term ^/C are not visible in this 
framework, for the reasons which were already explained above and in Q. Unfortunately, 
at this point there is no qualitative difference between the theory were the masses are 
introduced from the very beginning and the theory with SSB. 



For the coefficient of the Cj^^^p term we obtain, after some algebra 



/3i 



1 



(4vr) 



17 1 (a^ - 4)(a4 - 80^ + 8) A 3A(a2 - 4) - a 



+ ^ . — + 



h 



90 6a2 16 ' 16a4 ' 18 ^ 



(5.9) 



that is the general result for the one-loop /3-function, valid at any scale. In the high energy 
UV limit ^ m\ we obtain 

that agrees with the MS-scheme result ( [4.26| ). In the IR limit <^ vn? we meet 



IR 



f^ + i)-^ + ^f^). (5.11 



112(47r)2 Ve2 ' 45^ ml ' " Vm^ 



We have found that the IR limit of the /?i in the theory with SSB demonstrates the 
decoupling, similar to the simple massive theory [p. There is a weak dependence on the 
parameter A/e^ in the IR, but the very fact that the decoupling occurs in the gravitational 
vacuum sector of the theory with SSB does not depend on the magnitude of the scalar 
coupling A. 



3) The overall /94-function has the following form: 

1 

L 144 a4 



/34 = -— ^ \ (5a^ A - 20a^ - 5a^ - 240^ - 24a^ A) 



+ 



(4 



ah 



iah^ Ah - at 



6ah^ 



12A) 1. 



+ (ah'^Ah-ah^ -4:Ah + a^ A 



(5.12) 



Here we did not separate the terms proportional to (.^ — 1/6) into /?3, as we did in the 
previous publication Indeed, such distinction can be done in case it is necessary, then 
we shall have an independent /33-function. But, at the moment, our main interest is the 
interface between the UV and IR limits in the Effective Action and there is no need to 
enter into these details. 
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In the UV limit o ^ 2, ^ 2 we meet 
that is exactly from the Eq. (|426|). 



1\2 

6. 



(5.13) 



Indeed, we are most interested in the IR limit a ^ 0, a/j ^ of the /34-function 

^ -r {^ ^ ■ [F - , 



(47r)n3780e2 ' 180^ e 



12 ^ 6 J mf VmT / 



(5.14) 



demonstrating the standard quadratic form of decoupling, similar to the (3i case. 



4) Let us now consider the nontrivial new /3-functions for the parameters of the non-local 
terms ( [4.25 ). The /5g2-function has the form 



'q2 



4(47r) 



9. 9 . 9. 9 . \ / In a^iA-l){?,e^ - X) 



4^(3 e2 + A) ^ {2A - l)e^ ^ (AA-l) ^ (Q|-4) (AaI - a| - 12^) 



a2A 



A 



(5.15) 



The UV limit shows perfect correspondence with the MS'-scheme expression (4.28) 



UV 

•q2 



(4vr) 



while in the IR limit we meet usual decoupling 



IR 

'q2 



1 



(4vr) 



A 



7 



90 



3e2 



5) The /3q3-function has the form 



'(4vr) 



/ 3e \ 

9{ah^ + ^Ah-ah^ Ah) + (^1 + ^ j (a^ + 4 A - ^) 



In the UV limit we meet correspondence with the M5-scheme /J^s-function ( [4.28 ) 



UV 

93 



1 



5 + 



3e4 



(47r)n 2A2 
while in the IR limit there is usual decoupling 

(4^l6^ ■ 4 



A y m2 



(5.16) 



(5.17) 



(5.18) 



(5.19) 



(5.20) 



Thus, the IR behaviour of the new vacuum parameters q2 and 53 in the higher 
derivative sector of the theory is very similar to the one for the "old" parameters oi and 
04. In all cases we meet soft quadratic decoupling when the energy-momentum parameter 
of the linearized gravity becomes much smaller than the masses of the particles induced 
by SSB. 



-18- 



6. Conclusions 



We have considered the quantum fields theory with SSB in an external gravitational field. 
The SSB produces non-local terms in the induced action of vacuum already at the classical 
level - the phenomenon which was not, up to our knowledge, described before in the litera- 
ture. The non-local terms emerge due to the coordinate dependence of the curvature scalar 
and do not show up in the spaces of constant curvature, or in the theory with the mini- 
mal coupling between scalar and curvature. The appearance of the non-localities does not 
break such important properties of the quantum fields theory in an external gravitational 
field, as unitarity and renormalizability. The unitarity is preserved in the matter sector, 
because the non-local terms emerge only in the action of external gravitational field. Qual- 
itatively, this situation is not very much different from the theory without the non-local 
terms, because in all cases the external metric satisfies some equation of motion, depends 
on the boundary conditions. Hence, the non-local effects are present even if they do not 
explicitly show up in the action. Furthermore, the physical effects of the non-localities can 
be seen only at the very short distances and are probably unobservable. However, from 
the formal point of view, in the theory with SSB one has to include the non-local terms 
into the classical action of vacuum in order to provide the renormalizability of the theory. 

The physical effects of the new non-local terms do not look very important, at least in 
the framework of the linearized gravity and well-established physical theories. The reason 
is that the non-localities enter the action through the insertion of the Green functions 
corresponding to the scalar particle with the mass nih = 2^/\vq, where vq is the VEV 
for the flat space theory. In the case of the Standard Model, this mass has the order 
of magnitude around 100 GeV , and of course the effect of the non-localities becomes 
significant only at very small distances. Therefore, the effect of the non-local terms in 
the recent universe can not be seen, these terms may be important only in the earliest 
periods in the history of the universe. Moreover, in order to achieve these small distances 
one needs to use very high energies. Then the symmetry should be restored because the 
temperature of the radiation interacting with the quantum fields is always much greater 
than the energy of the gravitational quantas. As far as the symmetry gets restored, the 
induced non-local terms do not show up. 

The situation may be quite different for the very light fields, like e.g. quintessence (one 
of candidates for the role of a time-dependent Dark Energy). The quintessence is supposed 
to be an extremely light field and therefore, if its mass is due to the SSB, it should produce 
the non-local effects which may be observable. 

The most important result of our work is that the decoupling really takes place for 
the theories with SSB in curved space-time. We have investigated the renormalization 
of both "old" and "new" vacuum parameters in the theory with SSB and found that, in 
the low-energy limit, they all vanish quadratically, in accordance with the Appelquist and 
Carazzone theorem. In this respect, the vacuum sector of the theory with SSB is different 
from the matter sector, (see, e.g. |ll[]) where the decoupling does not take place. 
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